IAENG International Journal of Applied
Mathematics

Objectives and Scope

IAENG International Journal of Applied Mathematics is published with both online and print
versions. The journal covers the frontier issues in the applied mathematics and their applications in
business, industry, science and other subjects. Applied Mathematics is a branch of mathematics
that concerns itself with the connections between mathematics and other domains with the
applications of the mathematical knowledge. A broad spectrum of applied mathematics is covered
by the journal. The subjects include differential equations (ODEs and PDEs), numerical analysis,
scientific computing, approximation theory and representation theory, matrix theory, mathematical
physics, mathematical methods of engineering, optimization, operations research, linear and
nonlinear programming, continuous modelling control theory, mathematical biology,
bioinformatics, information theory, game theory, probability, mathematical economics, financial
mathematics, actuarial science, cryptography, graph theory, statistics, theoretical computer science,
stochastic systems theory, neuroscience, mechanics of solids, materials science and fluids etc.

Printed copies of the journal are distributed to accredited universities and government libraries. All
the papers in the journal are also available freely with online full-text content and permanent
worldwide web link. The abstracts will be indexed and available at major academic databases (like
for example Scopus and EI Compendex).

Frequency: 4 issues per year

ISSN: 1992-9986 (online version); 1992-9978 (print version)

Subject Category: Applied Mathematics

Published by: International Association of Engineers

Coming Special Issues of the TAENG International Journals

IAENG International Journal of Applied Mathematics welcomes author submission of papers
concerning any branch of the applied mathematics and their applications in business, industry and
other subjects. The subjects include differential equations (ODEs and PDEs), numerical analysis,
scientific computing, approximation theory and representation theory, matrix theory, mathematical
physics, mathematical methods of engineering, optimization, operations research, linear and
nonlinear programming, continuous modelling control theory, mathematical biology,
bioinformatics, information theory, game theory, probability, mathematical economics, financial
mathematics, actuarial science, cryptography, graph theory, statistics, theoretical computer science,
stochastic systems theory, neuroscience, mechanics of solids, materials science and fluids etc.

All submitted papers are to be peer-reviewed for ensuring their qualities.

Manuscripts Submission
Information for Authors
Editorial Board
Subscriptions and Delivery.

Contact Us

ST

~ Contactus

IJAM

bJournal Home
PManuscripts Submission
PAuthor Information
bEditorial Board
bSubscriptions and Delivery,

PContact Us

Join IAENG Now!
FIAENG Membership is free.

POur societies welcome committee
members too.

POur journals are waiting for your

involvement.



International Association of Engineers
info@iaeng.org

© Copyright International Association of Engineers














nurud
Highlight














' N G (ADOUtIAENG  Membership  Publications  IAENGNews  SteMap  ContactUs

IAENG International Journal of Applied
Mathematics

IAENG International Journal of Applied Mathematics is published with both online and print
versions. The journal covers the frontier issues in the applied mathematics and their applications in
business, industry, science and other subjects. Applied Mathematics is a branch of mathematics
that concerns itself with the connections between mathematics and other domains with the
applications of the mathematical knowledge. A broad spectrum of applied mathematics is covered
by the journal. The subjects include differential equations (ODEs and PDEs), numerical analysis,
scientific computing, approximation theory and representation theory, matrix theory, mathematical
physics, mathematical methods of engineering, optimization, operations research, linear and
nonlinear programming, continuous modelling control theory, mathematical biology,
bioinformatics, information theory, game theory, probability, mathematical economics, financial
mathematics, actuarial science, cryptography, graph theory, statistics, theoretical computer science,
stochastic systems theory, neuroscience, mechanics of solids, materials science and fluids etc.

ISSN: 1992-9986 (online version); 1992-9978 (print version)

Editorial Board Members of IAENG Journals

IJAM Editors-in-chief

Prof. Ravi P. Agarwal

Professor, Department of Mathematics, Florida Institute of Technology,
Melbourne, FL 32901, USA

Adjunct Professor, Department of Mathematics,

University of Delaware, USA

Prof. Habib Ammari

Professor of Applied Mathematics

Department of Mathematics,

ETH Zurich

HG G 57.3, Ramistrasse 101, 8092 Zurich, Switzerland

Prof. Dumitru Motreanu

Professor of Mathematics,

Mathematics Department, Perpignan University,
52, Avenue Paul Alduy, 66860 Perpignan, France

Prof. Hailiang Yang

Professor,

Department of Statistics and Actuarial Science,
The University of Hong Kong,

Pokfulam Road, Hong Kong

Dr. Sio I. Ao

Ph.D. University of Hong Kong; Post-doc Oxford University Computing
Laboratory, University of Oxford, and Harvard School of Engineering and
Applied Sciences, Harvard University;

Former Visiting Professor, Cranfield University, U.K. & University of
Wyoming, USA

IJAM

bJournal Home
PManuscripts Submission
PAuthor Information
bEditorial Board

PSubscriptions and Delivery,

FContact Us

Join TAENG Now!
PIAENG Membership is free.

POur societies welcome committee
members too.

POur journals are waiting for your
involvement.



Editor-in-chief of Engineering Letters
IAENG Secretariat, Unit 1, 1/F, 37-39 Hung To Road, Hong Kong

IJAM Editorial Board Members

Prof. Owe Axelsson

Professor in Numerical Analysis, University of Nijmegen

Former chairman of the Department of Computer Science,

Chalmers University of Technology and the University of Gothenburg, Sweden
Division of Scientific Computing, Department of Information Technology,
Uppsala University, Box 337, SE-751 05 Uppsala, Sweden

Prof. Michal Benes

Associated Professor (Docent) in Applied Mathematics,
Vice-Head of the Department and Vice-Dean of the Faculty,
Department of Mathematics,

Faculty of Nuclear Sciences and Physical Engineering,
Czech Technical University in Prague,

Trojanova 13, 120 00 Prague 2, Czech Republic

Prof. Guo Boling

Professor,

Institute of Applied Physics and Computational Mathematics,
Beijing 100088, China

Prof. Paul Bosch

Professor,

Engineering Faculty, Diego Portales University,
Ejercito 441, Santiago, Santiago de Chile, Chile

Prof. Oanh Chau

Teaching Professor,

Departement de Mathematiques et Informatiques,

University of La Reunion,

15 avenue Rene Cassin, 97715, Saint Denis, Messag Cedex 9, La Reunion, France

Dr. Anton Evgrafov

Research scientist and instructor, Center for Aerospace Structures,
Department of Aerospace Engineering Sciences, University of Colorado,
Boulder, CO 80309-0429, USA

Dr. Eduard Feireisl
Research scientist, Mathematical Institute of the Academy of Sciences,
Zitna 25, 115 67 Praha 1, Czech Republic

Prof. Miloslav Feistauer

Professor of Mathematics; Vice-Head and Former Head of the Institute of Numerical Mathematics,
Faculty of Mathematics and Physics, Charles University,

Sokolovska 83, 186 75 Praha 8, Czech Republic

Prof. Qi Feng
Professor, School of Aerospace Engineering and Applied Mechanics,
Tong Ji University, 1239 Si Ping Road, Shanghai 200092, China

Prof. Wenijie Feng
Professor, Department of Mechanics and Engineering Science,
Shijiazhuang Railway Institute, 050043 Shijiazhuang, China

Prof. Yuming Fu

Associate Professor,

Mechanical Engineering College, Yanshan Univertiy,
Qinhuangdao 066004, China

Prof. Zaihui Gan

Associate Professor,

College of Mathematics and Software Science,

Sichuan Normal University,

No. 5 Jing'an Road, Jinjiang District, Chengdu, 610068, China

Prof. Hongjun Gao

Professor,

Institute of Mathematics, Nanjing Normal University,
Nanjing 210097, China

Prof. Shigiao Gao
Professor,



Mechanical and Electrical Engineering,
Beijing Institute of Technology,
5 South Zhongguancun Street, Haidian District, Beijing 100081, China

Prof. Zhenghong Gao

Professor,

The Aeronautical Institute, The Northwestern Polytechnical University,
Xi'an, Shaanxi, 710072, China

Prof. Zhao-giang Ge

Professor,

Department of Applied Mathematics,
Xi'an Jiaotong University, China

Prof. Xiaofan Gou
Associate Professor, Department of Engineering Mechanics,
Hohai University, Xikang Road #1, Nanjing City, Jiangsu Province 210098, China

Prof. Chuanqing Gu

Professor,

Mathematics Department, Shanghai University,
Shanghai 200444, China

Prof. Xingming Guo

Professor and Vice-Director,

Shanghai Institute of Applied Mathematics and Mechanics,
Shanghai University, Shanghai 200072, China

Prof. A.M.S. Hamouda
Professor and Head, Department of Mechanical Engineering,
Qatar University, P.O. Box 2713, Doha, Qatar

Prof. Qamar J. A. Khan
Associate Professor, Department of Mathematics and Statistics,
Sultan Qaboos University, Muscat 123, Sultanate of Oman

Prof. Petr Knobloch

Associate Professor, Department of Numerical Mathematics,
Faculty of Mathematics and Physics, Charles University,
Sokolovska 83, 186 75 Praha 8, Czech Republic

Prof. Rajneesh Kumar
Professor,

Department of Mathematics,
Kurukshetra University,
Kurukshetra, Haryana, India

Prof. Qun Lin

Professor, Academy of Mathematics & System Sciences,
Chinese Academy of Sciences,

Beijing 100080, China

Prof. Dong-Qiang Lu

Associate Professor,

Shanghai Institute of Applied Mathematics and Mechanics,
Shanghai University,

149 Yanchang Road, Shanghai 200072, China

Prof. Haishen Lu
Associate Professor, Department of Applied Mathematics,
Hohai University, Nanjing, 210098, China

Prof. Shi-Ping Lu

Professor and Head of the Department of Mathematics,
Anhui Normal University,

1 Renmin Road, Wuhu City, Anhui Province, 241000, China

Dr. Ru-Ning Ma

Lecturer,

Mathematics Department, Nanjing University of Aeronautics and Astronautics,
29 Yudao St., Nanjing 210016, China

Prof. Yichen Ma
Professor, Mathematics Department,
School of Sciences, Xi'an Jiaotong University, Xi'an 710049, China



Prof. Shu-Li Mei
Associate Professor, College of Information and Electrical Engineering,
China Agricultural University, 17 Qinghua Donglu Road, Beijing 100083, China

Prof. Guo-ping Miao

Professor and Former Dean (1999-2003),

School of Naval Architecture, Ocean and Civil Engineering,
Shanghai Jiaotong University,

200240, Shanghai, China

Prof. Mina Abd-el-Malek

Visiting Professor of Applied Mathematics,

The American University in Cairo, Cairo 11511, Egypt;
Professor (1993-2001), Department of Engineering Mathematics,
Alexandria University, Egypt

Prof. Alain Miranville

Professor of Applied Mathematics,

University of Poitiers

Laboratoire de Mathematiques et Applications,

Equipe Equations aux Derivees Partielles et Applications,

UMR 6086, Universite de Poitiers, SP2MI,

Boulevard Marie et Pierre Curie - Teleport 2, 86962 Chasseneuil Futuroscope Cedex, France

Dr. Maya Neytcheva

Docent in Scientific Computing,

Department of Information Technology,

Uppsala University, Box 337, SE-751 05 Uppsala, Sweden

Prof. Jianwen Peng

Professor,

College of Mathematics and Computer Science,
Chongqging Normal University, Chongqing 400047, China

Prof. Milan Pokorny

Vice Head of the Mathematical Institute,

Charles University,

Matematicky ustav UK,Sokolovska 83, 186 75 Praha 8, Czech Republic

Prof. Guanghui Qing

Professor and Head of Department of Aircraft,

Aviation Engineering College,

Civil Aviation University of China, Tianjin 300300, China

Prof. Jiusheng Ren

Associate Professor,

Department of Mechanics, Shanghai University,
99, Shangda Road, Shanghai, 200444, China

Dr. Gudrun Schappacher
Project Manager, Roche Diagnostics Graz GmbH, Research & Development,
Kratkystr. 2, 8020 Graz, Austria

Prof. Luo Shaokai

Professor and Director of Research,

Institute of Mathematical Mechanics and Mathematical Physics,
Zhejiang Sci-Tech University, Hangzhou 310018, China

Prof. Fang Shaomei

Professor,

Mathematics Department, South China Agricultural University,
483 Wushan Road, Guangzhou, 510642, China

Prof. Meir Shillor

Professor,

Department of Mathematics and Statistics, Oakland University,
Rochester, Ml 48309-4401, USA

Prof. Mircea Sofonea

Professor,

Department of Mathematics and Informatics,

University of Perpignan, France

Laboratoire de Mathematiques, et Physique pour les Systemes,

Universite de Perpignan via Domitia, 52, Avenue Paul Alduy, 66860 Perpignan, France



Dr. Sheung Chi Phillip Yam
Assistant professor, Department of Statistics,
The Chinese University of Hong Kong, Shatin, Hong Kong

Prof. Masahiro Yamamoto

Associate Professor,

Department of Mathematical Sciences, the University of Tokyo,
3-8-1 Komaba Meguro, Tokyo 153-8914, Japan

Prof. Gang George Yin, IEEE Fellow
Professor, Department of Mathematics,
Wayne State University, 656 West Kirby, Detroit, Ml 48202, USA

Prof. Muhammet Yurusoy

Associate Professor,

Department of Mechanics, Afyon Kocatepe University,
Sezer Campus, 03300, Afyon, Turkey

Prof. Qinghong Zhang

Assistant Professor, Department of Mathematics and Computer Science,
Northern Michigan University,

Marquette, MI 49855, USA

Manuscripts Submission
Information for Authors
Editorial Board
Subscriptions and Delivery,

Contact Us

International Association of Engineers
info@iaeng.org

© Copyright International Association of Engineers



IAENG International Journal of Applied Mathematics, 51:3, IJAM_51 3 20

Optimal State Feedback Control Design of
Half-Car Active Suspension System

Nur Uddin, Member, IAENG, Auralius Manurung, and Rahmat Nur Adi Wijaya

Abstract—An optimal control design for active suspension
system of ground vehicle is presented. Objective of the active
suspension system is to improve the vehicle performance in
particularly on the ride comfort. The optimal control design
is done by applying linear quadratic regulator (LQR), where
the vehicle suspension is approached by a half-car model. The
LQR formulates the control design problem into a optimizing
problem for minimizing a quadratic cost function. Solving
the optimizing problem results in an optimal states feedback
control that is being applied in the active suspension system.
Performance of the active suspension system is demonstrated
through numerical simulations together with a passive sus-
pension system. Evaluation of the simulation results shows an
advantage of active suspension system by improving the ride
comfort up to 94.81% of the passive suspension system.

Index Terms—Active suspension, system modeling, control
design, optimal control.

I. INTRODUCTION

A suspension system applied in vehicle to overcome a
degradation of vehicle performance due to road disturbances.
The road disturbances are resulted by an interaction of the
vehicle moving wheels and the road roughness. These dis-
turbances results in vehicle body motions, such as heaving,
pitching, and rolling. These motions may decrease the vehicle
performance, e.g., ride comfort, ride safety, and handling.
Therefore, the suspension system is applied to isolate the
vehicle body from the motions due to road disturbances.
There are different kind of suspension systems that can be
classified into three types: passive, active, and semi-active
[11-3].

The passive suspension system has two main components:
spring and damper [4]-[6]. The use of spring and damper
converts the road disturbances into damped oscillations on
the vehicle body. The passive suspension system works well
in stabilizing the vehicle vibration and has been applied
in commercial vehicle for many years. Performance of the
passive suspension system is determined by the values of
spring constant and damping constant. Both constant values
are calculated based on a value of the vehicle mass. However,
the vehicle mass is varying in practice, for example due to
variation of the vehicle loads, including passenger and cargo.
This becomes a difficultly to maintain performance of the
suspension system.
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Control system communities introduce a concept of vi-
bration control by using a state feedback control system
that is known as the active vibration control system [7]-
[9]. Applying the concept on suspension system results in
an active suspension system. An active element is utilized in
the active suspension system to generate force for stabilizing
the vibration. This active active element is also known as the
actuator. A servo-hydraulic is an example of actuator applied
in the active suspension system [10].

Studies on the active suspension system has been presented
since 1960s [5]-[7]. The studies results show significant
improvements on ride comfort, handling, and stability of
the vehicle compared to the passive suspension system. The
active suspension systems in those study were developed
through: 1) system modelling, 2) control design, and 3)
performance evaluation. The system modeling is done to
obtain dynamics of the vehicle suspension. There are three
common models applied in the vehicle suspension studies:
quarter-car, half-car, and full-car models. The quarter-car
model is used to represent one degree of freedom (DOF)
suspension dynamics, while the half-car and full-car models
are applied to represent two and three DOF suspension
dynamics. Selection of the applied model depends on the
study scope and interest, for examples: the quarter-car model
in [11]-[14], the half-car model in [15], and the full-car
model in [16].

Optimal control is one of the most popular control
design method in active suspension system studies [11],
[13], [17]. Other control methods are also applicable in
active suspension system design, for examples: fuzzy control
[18], proportional integral and derivative (PID) control [19],
model predictive control (MPC) [20], [21], and adaptive
backstepping control [22]. An advanced optimal control
method in active suspension system has also been presented
by including preview information [16], [23]-[25]. Those
presented studies shows the superiority of active suspension
system in improving vehicle performance compared to the
passive suspension system. However, the active suspension
system is not widely applied in commercial vehicles. Most
of the commercial vehicles still uses passive suspension
system. Feasibility and practical implementation of the active
suspension system are still an open research problem.

A comprehensive study on an optimal control design for
vehicle active suspension system is presented in this study.
It is presented a detail derivation of suspension system
dynamics that results into a state space equation. The vehicle
suspension system is approached by a half-car model and the
Newton’s second law is applied to derive dynamic equations
of the model. An optimal states feedback control is designed
using the LQR method and applied in the active suspension
system. Performance of the active suspension system is eval-
uated through a comparison to a passive suspension system.

Volume 51, Issue 3: September 2021
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Fig. 1.

The half-car suspension model.

Performances of both suspension system are numerically
demonstrated through numerical simulated in a computer.
Presentation of the paper is organized as follows. Section
I describes an introduction and motivation of the research
work. Section II describes the modeling of the suspension
system. Section III discusses the optimal control design
for the active suspension system. Section IV presents the
simulation scenarios and simulation results in evaluating
the suspension performance. Finally, Section V provides
conclusion of this study .

II. VEHICLE SUSPENSION SYSTEM DYNAMICS

A half car model of vehicle suspension system is presented
in Figure 1. Mass of the vehicle is grouped into three masses:
the vehicle body mass my, the front wheel mass m, and the
rear wheel mass ms. The vehicle body is supported by two
suspensions connected to the wheels. Each suspensions is
represented by a spring with stiffness k, an active element for
generating force u, and a damper with damping coefficient
c. Therefore both suspensions are active suspension. While
the active element is not available, the suspension is a
passive suspension. Mass of the suspension is relatively small
compared to the vehicle body mass and the wheel mass and
therefore is ignored. Tire of the wheel is simply modelled by
air spring with stiffness coefficient k,,. The vehicle velocity
is indicated by a vector v. The subscript 1 in the model
notation indicates the vehicle front part, while the subscript
2 represents the rear part.

The Newton’s second law is applied to derive the sus-
pension system dynamics based on the free body diagram
shown in Figure 2. Applying the law on the vehicle body
mass results in the following equations:

fi+ fa (D
—dy f1 +da fo, ()

where z; is the vertical displacement of vehicle body mass,
1 is the vehicle body inertia, € is the pitching angle, f; is the
vertical force at the front point, f5 is the vertical force at the
rear vehicle point, d; is the distance of the front wheel to the
vehicle’s center of mass, and ds is the distance of the rear

myZp

1 =

Zp v
—
1 I
: d, X d,
; y
/s A
zzt j z,
- -
kw: (2 —2,) kw, (z0—2)

Fig. 2. Free body diagram of the half-car suspension model.

wheel to the vehicle’s center of mass. Both vertical forces
are defined as follows:

fi=w —ki(zp— 21 —dif) —c1(Zp — 21 — d10)  (3)

fo=us — kjg(zb — 29 + dge) - Cg(éb — Z9 + dg@). 4)

The z; and z; are the vertical displacement of the front and
rear wheels, respectively. Dynamics of both wheels are given
as follows:

—f1+ kw, (o1 — 21) 5)
—fo + kuw, (202 — 22) (6)

miz; =

MoZs =

where zg7 and zyo are the road disturbances at the front and
rear wheels, respectively.

Dynamics of the half car model are expressed by the
equations (1), (2), (5), and (6). Define state variables of the
suspension system as follows:

T = 21, ¥z = 2z,
T3 = 22, Ty = 2:’2, 7
s = Zp, T = Z2b
Ty = 9, rg = (9

Substituting those state variables (7) into (3) and (4) results
in:

fi=uw — k(x5 — 21 — dizr) — ci(we — 2 — dixg) (8)

fo =ug — ko(xs — 23 — dow7) — c2(z6 — x4 + daws). (9)

Differentiating the state variables (7) with respect to time
results in the following equations:
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Those vectors and matrices

are defined as follows:

_ [z ] [0 0 7
&1 = = (10) s 0
. 1 k
To = ——up+ 71(],‘5 — X — d1l‘7) Zs3 0 91
my mi 4 0 — Uy
! kwl = x5 » B= 0 7762 U= uy |’
+— (6 — x2 — d1wg) + — (21 + z01) (11) 1 1
. mi mi L6 mp mp
I3 = 4 (12) 7 0 0
1 k —d d
Gy = ——ug + — (5 — x5 + doy) L 8 ] LT T
ma ma
2 Py [0 0 ]
+—(x6 — x4 + dowg) + (=3 + 202) (13)
ma ma kuwy 0
i5 = (14) mi
ky 0 0
g = —(uy+us)— — (x5 —x1 —diz Ew
6 mb( ! 2) mb(5 ! 127) D= 0 Tj ,andw:[zm}
C1 ko 0 0 202
—— (w6 — w2 — d12g) — — (w5 — w3 + da7) 0 0
my my 0 0
C2
——(xg — d 15
e (mb‘ T4+ QIS) (15) I 0 0 |
i’7 = g (16)
III. OPTIMAL CONTROL DESIGN
A states feedback control is applied in the active suspen-
iy = —ﬁul + kyd, (25 — 21 — dyar) + @W sion systém to stabilize .Vibrations on the v.ehicle boFIy due
1 I -, I to road disturbance. Optimal control is applied to design the
d . .
+ 1C1 (6 — 2o — dy28) — 22 (x5 — x5 + do7) state feedback control in this study and presented as folloyvs.
I I Define the state feedback control law for the vehicle
_dQICQ (z6 — x4 + daxs). (17) suspension system (18) as follows:

The equations (10) to (17) can be compactly expressed in a
state space form as follows:

u=—Kuz, (19)

where u is the input vector that expresses the control com-
mand, K is the control gain matrix and z is the system states.
Substituting (19) into (18) results in:

& = Ax + Bu + Dw. (18)
© = (A— BK)z + Duw. (20)
where z is the system states vector, A is the system matrix, B . .
. . . . . . . By defining a new matrix:
is the input matrix, u is the input vector, D is the disturbance
matrix, and w is the disturbance vector. The system matrix A. = A - BK, 1)
A is given as follows:
the (20) can be expressed by:
(o 1.0 0 0 0 0 0 7 & = Az + Duw. (22)
o 20 0 g hh ba
0 ()1 0 1 01 ()1 ()l ()1 The (22) is the closed loop system of (18), where A. is
0 0 ay =& k2 o dk dacy the closed loop system matrix. Stability of the closed loop
A= o o o o o T % o system is determined by the eigenvalues of A.. The closed
:le ;le % % Ges Ges Qg aes loop systerp is asymptotically gtable if all elge.nv'alues of A,
have negative real part. Such kind of the matrix is known as
0 0 0 0 0 0 0 1 ¢ X
a Hurwitz matrix.
L ag1 as2 ag3 (g4 Ggs 4gg 48T agg

where a;; in the matrix denotes the matrix element at row 4
and column j that are defined as follows:

The (21) shows that the matrix A. are dependent to
the matrices A, B, and K. Since the matrices A and B
are representing the vehicle parameters values, tuning the
both matrices requires a physical adjustment on the vehicle
components, which is not practical. On the other hand, the

_ 7(kl+kwl) _ 7(k2+sz) . . . .
21 = — 57 > @3 = — matrix K is adjustable by tuning the control parameters
ags = _(k;nijr’”% age = W, value. The matrix K is therefore designed to make the matrix
agy = %7 ags = %7 A, to be Hurwitz. The control gain matrix K is obtained
ag) = _% 7 agy = _leq 7 through a cont'rol design process. It can be done b'y using
g3 = dziIkQ gy = dz% : one .of the al.vallable cont.rol design methods and this study
s — (dlkl;d2k2)7 ass = dici—daco apphes the linear quadratic regulator (LQR). The LQR is a}n

@y —d2ks  _de—des optimal control method that calculates the control gain matrix
g7 = — 1 > @88 = "1 - K by minimizing a quadratic cost function [26]—[28].
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Main objective of the active suspension system in this
study is to improve ride comfort of the vehicle. The active
suspension system is desired to minimize the heaving and
pitching motions of the vehicle. The heaving motion is
represented by the vertical position 23, while the pitching
motion is represented by the pitching angle 6. It is realized
that the suspension moving space is limited. Therefore, it is
also desired to minimize the suspension displacement. The
suspension displacement is related to the vehicle ride safety
such reducing the displacement implicates an improvement
on the vehicle ride safety [29]. For accommodating the main
objective and the requirement, define an output vector y
to represents displacement of both suspensions, the vehicle
heaving motion, and the vehicle pitching motion. The front
suspension displacement is defined by:

Y1 =2p — 21 — d10 (23)
while the rear suspension displacement is expressed by:
Yo = 2p — 22 + d10. (24)

Therefore, the output vector y can be defined as follows:

Y1 2y — 21 —dy
Y2 2p — 22+ dy
= = 25
Yy Vs % (25)
Y4 0

Stating y as a function of the system state variables, x, results
in the following equation:

Irs — L1 — d1$7
r5 — T3 + d2$7
L5
T7

y= (26)

The output vector y in (26) is a linear combination of the
system states vector z. Therefore, it can be expressed as
follows:

y=Cz, 27)

where C' is known as the system output matrix and defined
as follows:

-1 0 0 01 0 —d O

B 0 0 -1 01 0 do O
¢= 0 0 0 01 0 0 O (28)

0 0 0 00O 1 O

Minimizing the output vector y needs to be done by using
a minimum effort. The effort is the forces generated by
the active elements that are represented by the input vector
u. The minimization is done based on the following cost
function:

1 [ ~
J = 5 / (v Qy +u" Ru) dt, (29)
0
where Q and R are the weighting matrices. The matrix Q is
a symmetric positive semi definite matrix, while the matrix
R is a positive definite matrix. Substituting (27) into (29)

results in:

1 [ ~
J=3 / (z"CTQCx + u" Ru) dt. (30)
0
For simplifying the expression, define a new matrix
Q=C"QC 31)

and substituting it into (30) such that results in:

J= 1 / ” (27 Qz + u” Ru) dt. (32)
0

2
The optimal control problem is defined as a problem of
finding the control input v that minimizes the cost function
J. Mathematics derivation to solve to the optimal control
problem can be found in many optimal control literature. The
following derivation of the optimal control solution refers to
[26] and is explained as follows.
The cost function J in (32) is minimized through mini-
mizing the following Hamiltonian function:

H— % (2"Qz +u"Ru) + AT (Az + Bu)  (33)

where H is the Hamiltionian function and A is the costate.
The Hamiltonian function is minimized by the following two
conditions:

OH :
—-— = = 34
g (34)
OH
— = 0. 35
£y (35)
The first condition is achieved by:
: H
= _OH —Qx — AT (36)
ox
and the second condition is achieved by:
u=-R'BT\ (37)

Substituting (37) into (18) and ignoring the disturbance
results in:

&= Ax — BR™'BT\. (38)
Define the costate \ as follows:
A= Px, 39)

where P is a symmetric matrix. Substituting the costate into
(36) results in:

Pz + Pi=—Qu — AT Pz, (40)
while substituting the costate into (38) results in:
&= Ax — BR™'BT Px. 1)
Substituting (41) into (40) yields in:
(P+PA+ATP—PBR'BTP+Q)z=0. (42)

Non-trivial solution of (42) is obtained by solving the time-
differential equation:

P=—(PA+ATP-PBR'BTP+Q). 43)

which is known as the Riccati equation. Steady state of the
Riccati equation is given by:

0=PA+AT"P-PBR 'BTP+Q (44)

that is known as the algebraic Riccati equation (ARE). The
matrix P is obtained by solving the ARE. While the matrix P
is found, solution of the optimal control problem is obtained
by substituting P into (39) and then substituting (39) into
(37) such that results in:

u=—Kz, (45)

Volume 51, Issue 3: September 2021



IAENG International Journal of Applied Mathematics, 51:3, IJAM_51 3 20

where K is the control gain matrix given by:

K=R'BTP. (46)

The (45) is the optimal control solution for minimizing the
cost function (29). The (46) and (44) show that the control
gain matrix K is a function of the weighting matrices @) and
R. Therefore, the control gain matrix K can be tuned by
adjusting the elements of matrices ) and R.

IV. SIMULATION

The optimal states feedback control derived in the previous
section is applied in an active suspension system of ground
vehicle. Dynamics of the vehicle are approached by the half-
car model given in (18). The active suspension system has a
main objective on improving the vehicle ride comfort, while
the vehicle ride safety is maintained or even more improved.
The vehicle ride comfort and ride safety are expressed by the
output vector y given in (25) that consists of four elements:
Y1, Y2, Y3, and y4. The y; and y» denotes displacements
of the front and the rear suspensions, respectively, that
related to the ride safety. The y3 and y4 denotes the vehicle
heaving motion and the the vehicle pitching motion that
correspondences to the ride comfort.

Cost of each output variable of the system is defined as

follows: o
Ty, = ! / oyldt (A7)
2 Jo
and the system output cost is defined by:
4 4y oo ,
Jy = Z; Ty = ; (2 /0 oy dt> 48)

where y; is the i*" output variable, o; is a positive constant
representing weighting factor of the output variable y;, J,
is the cost function of the output variable y;, and J; is the
system output cost.

The active suspension system has two inputs, u; and wus.
The u; is the force generated by actuator of the front active-
suspension, while the us is the force generated by actuator
of the rear active-suspension. Cost of the system input is
defined by the following equations:

1 oo
Ju = Z <2/0 pkuidt> .

k=1

(49)

where uy, is the k' input variable, p; is a positive constant
representing the weighting factor of input variable u;, and
Jy, 1s the cost of system input.

Total cost of the suspension system is defined as follows:

J=Jy+Ju (50)

where J is the total performance index of the suspension
system. Substituting (48) and (49) into (50) results in:

4 2
1 [ I
J=> (2/0 Uz‘yfdt> +) (2/0 Pkuidt> G
i=1 k=1

that can be expressed into the following equation:

1

- / (yTW1y + uTVVgu) dt,
0

J:
2

(52)
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Fig. 3. Road profile and the road disturbance on both vehicle wheels.
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Fig. 4. Road profile and the road disturbance on both vehicle wheels.

where W; is a diagonal matrix with the matrix element
Wi(i,i) = o0y, Wy is a diagonal matrix with the matrix
element Ws(k, k) = oy, y is the output vector, and u is
the input vector. The (52) and (29) are similar and both are
equal if Q = W, and R = Wy. Therefore, the matrices Q
and R are designed to be diagonal matrices in this study.
The matrix @ is defined as follows:

i 0 0 0
- 10 @ 0 o0
0 0 0 aq

where ¢; are the weighting factor of the system output y;
defined in (25) for ¢ = 1,2, 3,4. While for the matrix R, it
is defined as follows:

T1 0
R= |: 0 T2 :| ’
where 7 is the weighting factor for system input u; and 7o
is the weighting factor for system input us.
A computer program is built to demonstrate performance
of the vehicle suspension systems. The computer program
simulates the vehicle move at a constant speed 20 m/s and

pass a bump with amplitude of 30 cm. For the simulation,
the bump is approached by the following function:

(54)

0, for0 <z, <5
2z =< apsin(x, —5), for5<ax.<5+ (55)
0, forz, >5+7

where a, is the bump amplitude, z, is the horizontal road
position, and z, is the road elevation. The bump road profile
is shown in Figure 3. While passing the bump, the vehicle
is excited by a road disturbance through the front wheels
and followed by the rear wheels. The road disturbances on
both wheels are shown in the Figure 4. Parameters of both
passive and active suspension systems, and the vehicle for
the simulation are listed in Table I.
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TABLE 1
VEHICLE PARAMETERS

Parameter Symbol Value Unit
Vehicle

front wheel mass m1 40 kg

rear wheel mass ma 40 kg

body mass mp 1400 kg

body inertia Iy 2000 Nm
front tyre stiffness kuw, 2x10° N/s

rear tyre stiffness kwy 2 x 105 N/s

Active suspension

spring stiffness k1, k2 2 x 104 N/s

damping coefficient c1,C2 2600 Ns/m
Passive Suspension

spring stiffness k1, ko 2 x 104 N/s

damping coefficient c1,c2 2600 Ns/m

Since the states feedback control of active suspension
system is designed using the optimal control, the active sus-
pension performance is determined by the weighting matrices
of the cost function (29). Varying the weighting matrices
will result in different performance. It is demonstrated in
this study by presenting eight sets of different weighting
matrices as listed in Table II. Each weighting matrices sets
is used to calculate a control gain matrix of the optimal state
feedback controller. The resulted controller is applied in the
active suspension system and simulated together with the
passive suspension system. Therefore, eight simulations are
performed and sequentially named as the Sim 1 to Sim 8.
Performance of the suspension systems are calculated based
on the system cost (32), where w is a zero vector for the
passive suspension. The better performance is indicated by
the lower cost.

The eight simulations are carried out and the resulted costs
are presented in the Table III and Table IV. The results of
each simulations are discussed as follows:

a) The Sim 1 is done by selecting both weighting matrices
@ and R equal to the identity matrices. The simulation
result shows that costs of both active and passive
suspension systems are equal. This indicates that the
actuator of active suspension system did not generate a
significant control force. The active suspension system
is dominated by the works of spring and damper. This
is confirmed by a small value of the system input cost
Ju.. Adjustment of the weighting matrices is required to
improve the performance of active suspension system.

b) Increasing weighting matrix for system output () of Sim
1 is done for the matrix elements ¢; and ¢» in the Sim
2. Both are increased 103 times of the values in the
Sim 1. The ¢; and g, are the weighting factors for the
front and rear suspension displacements, respectively.
Increasing values of both weighting factors indicates
a more emphasizing for reducing the suspension dis-
placements. The simulation results in the same cost of
both active and passive suspension systems. Cost of the
system input is still very small and incomparable to the
system output cost.

¢) Increasing the weighting matrix @ of Sim 1 by more
emphasizing on the heaving and pitching motions is

TABLE 11
WEIGHTING MATRICES OF ACTIVE SUSPENSION SYSTEM

Simulation ~ Weighting Matrices
Name
10 0 0
. - 01 0 0 10
Siml Q=) g ¢ 1 o | £= [ 0 1 ]
0 0 0 1
r1w0® o0 0 0
. = 0 10 0 0 1 0
Sim2 - @=1 ¢ g 1 o | B= [ 0 1 ]
L 0 0 0 1
ri o o o0
. - 01 0 0 10
Sim3 - @=19 0 103 o ’R*[o 1]
L0 0o o 10
1% o 0 0
. A 0 10% 0 0 [T1 0
Simd Q=145 o 103 o ’R—[o 1}
L 0 o0 0 10°
1 0 0 0
. ~ 01 0 0 1079 0
SimS- Q=19 0 1 0 ’R*[ 0 10*9]
0 0 0 1
[103 0 0 07
. ~_| 0o 10 0 o0 _[10° o
Sim 6 =1 9 0 1 0 ’R_[ 0 10*9}
0 0 0 1
ri o0 o 0
. ~ | o 1 o0 0 _[10° o
Sim7 Q=19 o 103 o0 ’R—[ 0 10*9]
00 0 10°
ri% o 0 0
. = 0 10 0 0 1079 0
Sim8 Q=143 o 103 o ’R_[ 0 10*9]
L 0 o0 0 10°

d

done in the Sim 3. The matrix elements g3 and ¢4 are
increased 10° times. However, the simulation results of
Sim 3 shows that this increment does not show any
different on the system-output cost between the active
and passive suspension systems. The system-input cost
of active suspension system is still very small and
insignificantly influences to the total cost.

The Sim 4 increases the weighting matrix () by mul-
tiplying the elements of Q of the Sim 1 by 103. The
simulation results of Sim 4 show the same values of
system-output cost of both active and passive suspension
system. Cost of the system input is still very small and
imbalance to be compared to the system output cost.
The simulation results of the active suspension system
in the Sim 1 to Sim 4 show that the values of .J,, and J,
are very imbalance, where the ratio of J,, and J, in the
order of 1079, This is a hint for tuning the matrix R.
Control force generated by the actuator is determined
by a control law given in (45). The control law shows
that the generated control force is proportional to the
control gain K and the system states z. Since all of
the system states are counted to determine cost of the
system output, the simulation results of the Sim 1 to
Sim 4 indicate that the very small control force u was
due to the small control gain K. Therefore, the control
gain has to be increased. According to (46), increasing
the control gain can be done by reducing the matrix
R. In this Sim 5, the weighting input matrix R is
adjusted by decreasing the diagonal elements of R with
scaling factor 10~9 of the R in Sim 1. The simulation
results of Sim 5 shows that the active suspension system
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TABLE III
SIMULATION RESULTS: COST OF ACTIVE AND PASSIVE SUSPENSION SYSTEMS
Simulation | Suspension Cost
Name Type Jy1 Jys Jys Jya Jy Ju J
Sim 1 active 0.71 0.62 0.41 0.10 1.85 1.53x10~° 1.85
Sim 1 passive 0.71 0.62 0.41 0.10 1.85 0 1.85
Sim 2 active 714.65 | 622.24 0.41 0.10 1337.40 | 6.19x10~% | 1337.40
Sim 2 passive 714.65 | 622.24 0.41 0.10 1337.40 0 1337.40
Sim 3 active 0.71 0.62 41297 | 98.53 512.85 | 2.19x10~4 512.85
Sim 3 passive 0.71 0.62 41298 | 98.53 512.85 0 512.85
Sim 4 active 714.65 | 62224 | 41298 | 98.53 1848.39 | 1.56x1073 | 1848.39
Sim 4 passive 714.65 | 62224 | 41298 | 98.53 1848.40 0 1848.40
Sim 5 active 0.52 0.42 0.17 0.09 1.19 0.11 1.31
Sim 5 passive 0.71 0.62 0.41 0.10 1.85 0 1.85
Sim 6 active 57.32 23.76 0.46 0.19 81.73 43.50 125.23
Sim 6 passive 714.65 | 622.24 0.41 0.10 1337.40 0 1337.40
Sim 7 active 0.73 0.53 9.43 17.13 27.83 2.70 30.52
Sim 7 passive 0.72 0.62 41298 | 98.53 512.85 0 512.85
Sim 8 active 21098 | 70.27 199.45 | 136.15 | 616.85 19.25 636.10
Sim 8 passive 714.65 | 622.24 | 41298 | 98.53 1848.40 0 1848.40
TABLE IV

COST RATIO AND PERFORMANCE IMPROVEMENT OF THE ACTIVE SUSPENSION SYSTEM TO THE PASSIVE SUSPENSION SYSTEM

Simulation Cost ratio (%) Improvement (%)
Name Ride Ride Total Ride Ride Total
Safety | Comfort | Cost Safety | Comfort | Performance
Sim 1 100 100 100 0 0 0
Sim 2 100 100 100 0 0 0
Sim 3 100 100 100 0 0 0
Sim 4 100 100 100 0 0 0
Sim 5 70.68 50.98 70.81 29.32 49.02 29.19
Sim 6 6.06 127.45 9.36 93.94 -27.45 90.64
Sim 7 94.04 5.19 5.95 5.97 94.81 94.05
Sim 8 21.04 65.61 34.41 78.96 34.39 65.59

results in less system-output cost and less total cost.
Costs of the system-input and the system-output are
close to balance with the ratio of .J,, and J,, about 0.1.
The active suspension system of Sim 5 improves the
ride safety 29.32%, the ride comfort 49.02%, and the
total performance 29.19% compared to the passive sus-
pension system. Although the active suspension results
in better performance, more improvement of the total
performance is still desired.

A re-adjustment of the weighting matrices of Sim 5
is presented in Sim 6. The Sim 6 adjusts the matrix Q
while the matrix R remains to be the same as in the Sim
5. Sim 6 emphasizes on the front and rear suspension
deflection by increasing the weighting factor ¢; and
g2 of Sim 5 to be 103 times. The active suspension
system results in much lower costs on both suspension
deflections but slightly higher costs on the heaving and
pitching motions. The Sim 6 achieves improvements
of 93.94% on the ride safety, —27.45% on the ride
comfort, and 90.64%. The active suspension system of
Sim 6 makes a very good improvement on the ride
safety but decreases the ride comfort.

g) Re-tuning on the weighting matrices of Sim 5 is also

h)

presented Sim 7 by emphasizing on the vehicle ride
comfort performance. The Sim 7 modifies the values
of g3 and ¢4 of matrix () while the other weighting
matrices elements are the same as in the Sim 5. The
simulation results of Sim 7 show improvements on
the ride safety 5.97%, ride comfort 94.81%, and total
performance 94.05% by using the active suspension
system.

Another adjustment on weighting matrices of Sim 5 is
presented in Sim 8. The diagonal element of matrix Q
are increased 103 time while the matrix R is fixed as in
the Sim 5. According to the simulation results of Sim
8, the active suspension system makes improvement on
the ride safety 78.96%, ride comfort 34.39%, and total
performance 65.59%.

According to the simulation results, the best performance
of ride comfort was achieved by the active suspension system
of Sim 7, while the active suspension system with least sus-
pension deflection was resulted in the Sim 6. Time responses
of the suspension systems in Sim 6 and Sim 7 are shown in
Figure 5 to Figure 7. The Figure 5 shows deflections of the
front and rear suspension. The active suspension system of
Sim 6 produced in the least deflections for both front and
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Fig. 5. The front suspension (FS) deflection and the rear suspension (RS)
deflection of passive and active suspension systems.

rear suspensions among the three suspension systems. The
Figure 6 shows the vehicle heaving and pitching motions.
The active suspension system of Sim 7 results in the least
heaving and pitching motions among the three suspension
system. The least heaving and pitching motions implicates
the best ride comfort. The active suspension system of Sim
6 exhibits oscillations of heaving and pitching motions.
This oscillations reduce the ride comfort of the vehicle. A
comparison of the required control force for both active
suspension systems are presented in the Figure 7. The figure
shows that the active suspension system of Sim 6 requires
more control force than the active suspension system of
Sim 7. Considering the implementation cost, this makes
implementation of the active suspension system of Sim 6
be more expensive.

V. CONCLUSIONS

An optimal state feedback control design for active sus-
pension system has been presented. The control design was
done based on an half-car suspension model and applying
the LQR control design method. Performance evaluation of
the suspension system was carried out through computer
simulations. Performance of the active suspension system
is determined by the weighting matrices of the LQR cost
function. The cost function includes the weighting matrix of
system output and the weighting matrix of the system input.
Eight variations of the weighting matrices were presented
and simulated. The results show that: 1) weighting matrices
of the system output and the system input have to be initially
tuned such that costs of the system output and the system
input are balance, 2) giving more weighting on the ride
comfort resulted in the better performance than giving more
weighting on the suspension displacement. The best active
suspension system for ride comfort was achieved in the Sim
7 by improving the vehicle ride comfort 94.81%, the vehicle

0.2 T T T T T
active ; f
& suspension passive suspension
0.15} (sim'6) active suspension (sim 6) |
€ = = = active suspension (sim 7)
s 04F K—passive suspension T
5 ; onm7)
= active suspension (sim
> 005
[}
=
0
-0.05
0 0.5 1 1.5 2 25 3
time (s)
gﬁg;znsion passive suspension
R [ (sim active suspension (sim 6) |
? = = = active suspension (sim 7)
o 2 i
N
s 0
£
5 -2
a
-4 & active suspension.(sim 6)
passive suspension
-6 i | i i i
0 0.5 1 1.5 2 25 3
time (s)
Fig. 6. The vehicle body motions of using passive and active suspension
systems.
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Fig. 7. Control forces generated by the front and rear actuators.

ride safety 5.97%, and the total suspension-performance
94.81%.

This study was done by modeling the tyre as spring. A
more realistic and reliable tyre model should be considered
for a further study, for an example by applying a tyre model
presented in [30].
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