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Abstract—A study to design a pitch control system for bi-
copters is presented. The bicopters are a type of unmanned aerial
vehicle (UAV) that only utilizes two rotors. The pitch control
system is to manipulate the bicopter flight attitude such that
flies at a desired pitch angle. The pitch control system is designed
based on a bicopter dynamics model by applying the Lyapunov-
based control method. The control design results in a state
feedback controller that has structure of proportional-derivative
(PD) control. Applying the controller results in a closed loop
pitch control system that is globally asymptotically stable (GAS).
Performance of the designed pitch control system is demonstrated
through computer simulation. The simulation results show that
the designed pitch control system is able to make the bicopter
fly at the desired pitch angle. The bicopter is able to change
the pitch angle from 0 to 15 degrees without steady state error
within 1.19 seconds.

Index Terms—bicopter, pitch control, system modeling, control
design, Lyapunov-based control

I. INTRODUCTION

Helicopters are flying machines that have been used in

transportation for many years. The helicopters are classified

a rotary-wing aircraft type. This classification is done based

on the wings type, while another type is fixed-wing aircraft [1].

The fixed-wing aircraft has wings that are fixed mounted on

the aircraft body. These fixed wings generate lift due to air flow

resulted by the aircraft forward motion. On the rotary-wing

aircraft, the wings rotate to generate lift. The wings are install

on the aircraft body inline to the vertical axis. The rotating

wings are known as the blades. Rotation of the blades is driven

by the helicopter engines through a rotation mechanism. The

set of blades and the rotation mechanism is known as a rotor.

A conventional helicopter has two rotors, the main rotor

and the tail rotor [2]. The main rotor has blades with larger

and longer size than the blades of tail rotor. The main rotor is

vertically mounted close to the helicopter’s center of gravity.

Rotation of the main rotor results in lift for the helicopter.

However, the rotation of main rotor also results in a reaction

torque on the helicopter body. This reaction torque makes the

helicopter to rotate along the vertical axis and be unstable.

The tail rotor is applied to counter the reaction torque and

stabilizes the helicopter. The tail rotor is placed horizontally

and a certain distance to the helicopter’s center of gravity.

The longer distance results in less required torque of the

tail rotor to counter the reaction torque. Since the lift of

helicopter is generated by the blades rotation, the lift can be

generated without any movement of the helicopter. This makes

the helicopter to be able to do hovering and vertical take-off

and landing (VTOL). Hovering is a steady flight condition at

constant position and orientation. The abilities for hovering

and VTOL become the advantages of helicopter compared

to the fixed-wing aircraft. However, the rotor mechanism and

mechanical parts make complexity in the helicopter dynamics

[3]. This makes flight control development of the helicopter

become a difficult problem.

A quadcopter was developed as a UAV that utilizes four

rotors. Each rotor consists of a propeller and a high-speed

electric motor. The four rotors are installed diagonally on

the quadcopter body. The diagonal configuration allows to

generate moments on the quadcopter by manipulating the lift

of each rotors. The moments are required by the quadcopter

to maneuver. Since the lift generated by the propeller is a

function of the rotational speed, the lift manipulation can

be done through controlling the motor speed. This makes

the quadcopter dynamics to be simple as a function of the

speed of the four motors. Controlling the quadcopter is done

through controlling the rotors speed. This is much simpler

than controlling the helicopter. The quadcopter gets a lot

of attention in control system community in particularly in

developing the flight control, for examples in [4]–[7]. More

advanced studies present a development autonomous system

by applying the [8]–[11].

The quadcopter becomes the most popular UAV type at this

current time. The quadcopters are applied in many sectors,

for examples: surveillance [12]–[14], goods delivery [15]–

[17], and infrastructure inspection [18]–[23]. The infrastruc-

ture inspection may be carried in a narrow space such that

the flying vehicle need to be slim and small. A quadcopter

has a transverse structure, either cross configuration or plus

configuration. This configuration makes the quadcopter has

a wide dimension. Eliminating two rotors of the quadcopter

results in a slim flying vehicle that only uses two rotor. This

vehicle is known as the bicopter [24], [25]. The bicopter is

different to conventional helicopter, where the bicopter has

two rotors for generating lift while the conventional helicopter

has only one rotor to generate lift and another rotor is for

stabilization. Moreover, the bicopter has less weight and low

power consumption.

Some studies on developing a bicopter have been presented.

Modeling the bicopter dynamics and designing an altitude



BX

IX

BZ
IZ

1L

2L

1d

2d



1L

2L

1d

2d

W



BX

IX

BZ IZ

Fig. 1. Bicopter model.

control using PID control method was presented in [24]. The

altitude control is to make the bicopter fly at a desired flight

level. The designed altitude control was evaluated through

computer simulation and verified experimentally. A research

work to construct a bicopter was also presented in detail by

[25]. This research work included an aerodynamics analysis

to attain ideal propellers and control design for the bicopter.

The result shows that the constructed bicopter was able to fly

stable including hovering by carrying a significant payload.

The bicopter showed similar levels of efficiency and maneu-

verability to a common quadcopter and other multirotors types.

Another study on developing altitude control for bicopter is

also presented in [26]. This study resulted in a closed loop

system that is global asymptotically stable.

This paper presents a development of pitch control sys-

tem for bicopter. The pitch control system is to make the

bicopter fly at a desired pitch angle. The pitch control is a

part of attitude control system. The pitch control system is

developed through the following steps: modeling the bicopter

dynamics, design the pitch control system, and performance

evaluation through simulation. The modeling is to obtain

dynamics equations of the bicopter that will be applied as

a model in designing the pitch control system. It is done

by applying the Newton’s second law of motion, where the

bicopter is represented in a free body diagram. This modeling

is presented in Section II of this paper. The pitch control

system is designed by applying the Lyapunov based control

method as presented in Section III. This control method is

selected in order to achieve a global asymptotic stability of the

closed loop pitch control system. Performance of the designed

pitch control system is demonstrated and evaluated through

computer simulation. This simulation is presented in Section

IV. Finally, the pitch control system development is concluded

in Section V.

II. PITCH DYNAMIC OF BICOPTER UAVS

A. Dynamics Equation

A model of bicopter is shown in Figure 1. The bicopter has

two rotors that located at the front and rear of the bicopter

body. Both rotors rotate to generate lift for the bicopter.

The rotations have an opposite direction to eliminate moment
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Fig. 2. Free-body diagram of the bicopter model.

effect. Two coordinate systems are applied to represent the

bicopter motions, i.e., inertial and body coordinate-systems.

The inertial coordinate system is a fixed frame coordinate

system. Meanwhile, the body coordinate system sticks on

the bicopter body such that it changes for any movement of

the bicopter. For a simplification, this study only considers

the bicopter motions in two dimensional space X and Y

axes. Therefore, the inertial and body coordinate-systems are

represented by XIYIZI and XBYBZB , respectively, as shown

in the Figure 1.

Assuming both inertial and body coordinate systems are ini-

tially identical, where the origin of both coordinate systems are

located at the same point and all of the axes are inline. Let the

bicopter to move such that the body coordinate system deviates

from the inertial coordinate system. Calculating the deviation

with respect to the inertial coordinate system results in three

independent variables that can be expressed as x, z, and θ. The

x and z represent the translation motions of bicopter along the

XI and ZI axes, respectively. Meanwhile, the θ represents the

angular motion of bicopter that is known as the pitch motion.

These three variables describe the position and orientation of

bicopter with respect to the inertial coordinate system. The

position and orientation of an object are commonly known by

a term of posture. Therefore, posture of bicopter in the two

dimensional frame can be defined as follows:

ξ :=





x

z

θ



 , (1)

where ξ is the posture of bicopter, x is the position of bicopter

along the XI axis, z is the position of bicopter along the ZI

axis, and θ is the pitch angle that represent orientation of the

bicopter along the YI axis. The bicopter motions are indicated

by any change on the posture values.

This study assumes that only three forces work on the

bicopter. They are the lift of front propeller L1, the lift of rear

propeller L2, and the weight of bicopter W as shown in a

free-body diagram in Figure 2. The free-body diagram shows

the three working forces and the two coordinate systems of

the bicopter. The three forces works in neither same direction

nor same point. This may result in translation and rotation



motions on the bicopter. These motions can be determined by

calculating the resultant force and the resultant moment.

The Figure 2 shows that both propeller lift are not parallel

to the bicopter wight. The lift are parallel to ZB axis, while

the weight is parallel to the ZI axis. These indicate that the

lift and the weight are in a different linear space. In order to

calculate the resultant force, all of the forces have to be in the

same linear space. This is done by projecting the forces into

the inertia coordinate system such that results in the following

equations:

ΣFx = −(L1 + L2) sin θ (2)

ΣFz = W − (L1 + L2) cos θ (3)

where ΣFx is the resultant force along the XI axis and ΣFz

is the resultant force along the ZI axis. Both resultant forces

drive translation motions of the bicopter along the XI and ZI

axes.

The resultant moment of the bicopter is calculated with

respect to the bicopter’s center of mass. The calculation result

in as follows:

ΣMy = L1d1 − L2d2 (4)

where ΣMy is the moment along the YI axis, d1 is the distance

of the front propeller to the center of mass, and d2 is the

distance of the rear propeller to the center of mass. This

resultant moment causes the bicopter to rotate with rotational

axis YI and results in the pitch motion.

While the resultant force and resultant moment are known,

the bicopter dynamics can be derived by applying the New-

ton’s second law as follows:

mẍ = ΣFx (5)

mÿ = ΣFy (6)

Iy θ̈ = ΣMy (7)

and through a substitution result in:

mẍ = −(L1 + L2) sin θ (8)

mz̈ = mg − (L1 + L2) cos θ (9)

Iy θ̈ = d(L1 − L2) (10)

where m is the mass of bicopter, Iy is the pitch inertia of

bicopter, and g is the gravity acceleration. The (8) to (10)

are the bicopter dynamic equations in two dimensional space

that is the longitudinal space. The equations can be explicitly

represented by the motion variables as follows:

ẍ = −
1

m
(L1 + L2) sin θ (11)

z̈ = g −
1

m
(L1 + L2) cos θ (12)

θ̈ =
d

Iy
(L1 − L2). (13)

In the longitudinal space, the bicopter has three degree of

freedom (3-DOF) motions, i.e., 1) translation motion along

the XI axis expressed by variable x, 2) translation motion

along the ZI axis expressed by variable z, and 3) rotational

motion along the YI axis expressed by variable θ.

BicopterPitch
controller

Fig. 3. Block diagram of the bicopter’s pitch control system.

B. Equilibrium Point

Let a bicopter is initially flying stationary at a position

(x0, z0) and a pitch angle θ0 such that the posture is expressed

as follows:

ξ(0) =





x(0)
z(0)
θ(0)



 =





x0

z0
θ0



 , (14)

where ξ(0) is known as the initial posture. The stationary

flight is a flight condition where posture of the vehicle is

constant. This implicates that the initial posture of bicopter

is an equilibrium point. Define lift of both propeller at the

initial condition as follows:

L1(0) = L10 (15)

L2(0) = L20. (16)

Therefore, the bicopter dynamics at the initial condition can

be described as follows:

ẍ0 = −(L10 + L20) sin θ0 = 0 (17)

z̈0 = mg − (L10 + L20) cos θ0 = 0 (18)

θ̈0 = d(L10 − L20) = 0. (19)

Solving the (17) to (19) results in:

θ0 = 0 (20)

L10 = L20 =
1

2
mg. (21)

The L10 and L20 are the lifts of front and rear propellers

for flying stationary. This stationary flight is also known as

hovering.

III. PITCH CONTROL DESIGN

Assuming the bicopter is flying at a pitch angle θ. The

bicopter is then desired to change the flight attitude from the

current pitch angle θ to a new pitch angle θr which is also

known as the reference pitch angle. A pitch control system

is introduced to the bicopter such that the bicopter can reach

the desired pitch angle. Design of the pitch control system is

presented as follows.

A block diagram of the pitch control system is shown in

Figure 3. Deviation of the current pitch angle to the reference

pitch angle is defined as follows:

θ̃ = θ − θr (22)



where θ̃ is known as the pitch angle error. According to (13),

the second derivative of (22) with respect to time is given as

follows:
¨̃
θ =

d

Iy
[(L1 − L1r

)− (L2 − L2r
)] (23)

where L1r
and L2r

are the lifts of front and rear propellers for

the reference pitch angle. The (23) is known as the pitch-angle

error dynamics.

Assume that relations of the lift of both flight attitude are

defined as follows:

L1r
= L1 + up (24)

L2r
= L2 − up, (25)

where up is the control lift. The control lift expresses the

amount of lift that needs to be increased by the front propeller

but decreased by the rear propeller simultaneously in order to

reach the desired pitch angle. Substituting (24) and (25) into

(23) results in:
¨̃
θ = −

2d

Iy
up (26)

which is an explicit expression of the pitch-angle error dy-

namics as a function of the control lift.

A proper control lift needs to be determined such that

the (26) is asymptotically stable. The asymptotic stability

implicates that the pitch-angle error is vanish as time goes to

infinity. This results in the bicopter’s pitch angle to approach

and reach the reference pitch angle.

The asymptotic stability can be achieved by applying a

states feedback control. The states feedback control can be

design by applying one of the available control design meth-

ods. In this study, the state feedback control is designed by

applying the Lyapunov-based control method and described as

follows [27].

Define new variables e1 = θ̃ and e2 =
˙̃
θ, such that the

following equations can be established to represent the pitch-

angle error dynamics (26):

ė1 = e2 (27)

ė2 = −
2d

Iy
up. (28)

For the (27) and (28), define the following positive definite

function as a Lyapunov function candidate:

V =
1

2
e2
1
+

1

2
e2
2
. (29)

A time derivative of V along to the trajectories of (27) and

(28) is given as follows:

V̇ = e1e2 −
2d

Iy
e2up. (30)

According to the Lyapunov stability theorem, the pitch-angle

error dynamics is asymptotically stable if for the V positive

definite, it has V̇ negative definite. The (30) has only one

manipulated variable to make V̇ negative, that is the control

lift up. Now, define up as follows:

up =
Iy

2d
[(1 + k1)e1 + k2e2] (31)

and substitute (31) into (30), it results in

V̇ = −k1e1e2 − k2e
2

2
. (32)

Negative definiteness of (32) can be approached by applying

the Young’s inequality as follows:

V̇ = −k2e
2

2
− k2e1e2 (33)

≤ −k2e
2

2
− k1

(

e2
1

2
+

e2
2

2

)

(34)

= −
k1

2
e2
1
−

(

k2 +
k1

2

)

e2
2
, (35)

where the V̇ ≤ 0 is resulted by k1 > 0 and k2 > −0.5k1.

Therefore, the pitch-angle error dynamic is asymptotically

stable by applying the following states feedback control as

the lift control:

up =
Iy

2d

[

(1 + k1)θ̃ + k2
˙̃
θ
]

, (36)

where by k1 > 0 and k2 > −0.5k1. Substituting (36) into (26)

results in:
¨̃
θ + k2

˙̃
θ + (1 + k1)θ̃ = 0, (37)

which is the characteristic of closed-loop pitch control system

of the bicopter. Laplace transformation of the characteristic

equation (37) is given as follows:

s2 + k2s+ (1 + k1) = 0. (38)

where s is the Laplace variable. The (38) is a second order

system that has the following general form:

s2 + 2ζωns+ ω2

n = 0, (39)

where ζ is the damping factor and ωn is the natural frequency.

Through a comparison of (38) and (39), it is found the

following relations:

k1 = ω2

n − 1 (40)

k2 = 2ζωn. (41)

The (40) and (41) show that the control parameters k1 and

k2 in (36) determine the closed loop system characteristic

and vice versa. Therefore, both control parameters should be

calculated by considering the desired characteristic of closed-

loop pitch-control system.

IV. SIMULATION RESULTS

Simulations are carried out to demonstrate performance of

the designed pitch control system. The pitch control system

has a state feedback control (36) with two control parameters

k1 and k2. Both control parameters are determined base on the

desired characteristic of the closed loop pitch control system.

For this simulation, the desired characteristics are ζ = 0.7
and ωn = 5. Therefore, the control parameters are calculated

according to (40) and (41), and results in k1 = 24 and k2 = 7.

The Table I provides information about the bicopter parameters

for the simulation. These parameters include mass, moment

inertia, and location of the both rotors on the bicopter structure.



TABLE I
BICOPTER PARAMETERS

Parameter Symbol Value Unit

Mass m 2 kg

Moment inertia Iy 0.2 kg.m2

Distance of propeller 1 from c.g. d1 0.2 m

Distance of propeller 2 from c.g. d2 0.2 m

Note: c.g. is center of gravity.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

time [s]

-5

0

5

10

15

20

p
it
c
h

 a
n

g
le

 [
d

e
g

re
e

]

r

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

time [s]

-100

0

100

200

300

400

500

c
o

n
tr

o
l 
in

p
u

t 
[N

]

Fig. 4. Time response of the bicopter pitch control system.

Scenario of the simulation is described as follows. The

bicopter is initially flying stationary at flight altitude 5 meter,

where position and orientation of the bicopter are fixed. The

bicopter posture at the stationary flight is given as follows:

ξ(0) =





x(0)
z(0)
θ(0)



 =





0
−5
0◦



 . (42)

The posture shows negative value due to the flight altitude

and the ZI axis has an opposite direction. After flying for two

seconds, the bicopter is desired to change the pitch angle from

0◦ to 15◦.

Performance of the pitch control system is evaluated based

on a time response of the pitch motion and the required control

input. Evaluation of the time response includes the steady-

state error, rise time, overshoot, and settling time. The steady-

state error is a deviation of the system response to the desired

response at steady state. The rise time represents a required

time to increase the system response from 10% to 90% of the

steady-state response. The overshoot represents a percentage

ratio of the overshoot to the value of steady-state response. An

overshoot 5% is commonly applied as the maximum overshoot

in control system designs. The settling time is the required

time for the system response to reach and remind within a

specific error band. The error band 2% is applied in this study.

The simulation is performed through digital computation

using a computer. The computation is done with time sampling

1 microseconds. The simulation result in shown in Figure 4.

The result shows that the bicopter was able to approach and

reach the reference pitch angle with zero steady state error.

The time response shows a rise time 0.40 seconds, settling

time 1.13 seconds, and overshoot 4.86%. This response is quite

good and acceptable for the bicopter. However, the Figure 4

shows that the required control input for the pitch motion

is up to 459.8 Newtons. This required control input is very

high compared to lift of each propellers at the stationary

flight, which is a half of the bicopter weight or 9.8 Newtons.

This required control input is not reasonable and needs to be

reduced.

The high control input needs a high-power rotor that im-

plicates to higher electric-power consumption. Moreover, the

high-power rotor usually has large size and heavy. The control

input needs to be small as possible in a reasonable range value.

There is no a specific definition of the reasonable range value,

but a control input less than the half of bicopter weight is

expected in this study.

Considering (36), it is shown that the control input has a

state feedback from the time derivative of the pitch-error,
˙̃
θ.

This time derivative represents the pitch-error rate. While the

pitch reference is a step function, the time derivative is very

high at the step time and therefore the control input. In order

to minimize the control input, the pitch-error rate needs to be

bounded. Define a limit for pitch error rate of the bicopter as

follows:

−360 ≤
˙̃
θ ≤ 360, (43)

where the minimum rate is -360 degree per seconds and the

maximum rate is 360 degree per seconds.

Applying the rate limit and running the second simulation

result in time responses as shown in Figure 5. The pitch time-

response has a zero steady-state error with a rise time 0.43

seconds, settling time 1.19 seconds, and overshoot 4.56%.

The pitch-time response at the second simulation is slightly

slower than at the first simulation, but a little bit better at

the overshoot. Remarkably, the control input at the second

simulation is much less than the control input at the first

simulation, where it is only up to 3.2 Newtons.

The result of second simulation is more reasonable for

the bicopter, where the pitch time response is quite good

and comparable to the first simulation result but requires

much less control input. Figure 6 shows a comparison of the

bicopter’s pitch time-responses by applying a rate limiter and

without rate limiter in the pitch controller. This result shows

a benefit of applying a rate limiter in the pitch controller to

minimize the required control input without decreasing the

control performance significantly.

V. CONCLUSION

A design of pitch control system for bicopter has been

presented. The pitch control was designed by applying the

Lyapunov-based control method. It resulted in a controller that

has a structure of proportional-derivative (PD) control. Apply-

ing the controller results in a closed-loop pitch control system
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Fig. 5. Time response of the bicopter pitch control system with a rate limiter.
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Fig. 6. A comparison of the bicopter’s pitch-angle time-response of using
pitch controllers with and without a rate limiter.

that is globally asymptotically stable (GAS). This stability

is proved by the Lyapunov’s stability theorem. The designed

pitch control system was demonstrated in computer simulation.

The simulation results show that the pitch controller needs

a rate limiter to minimize the control input. The designed

pitch control was able to change pitch angle of the bicopter

from 0◦ to 15◦ within 1.19 seconds by requiring maximum

control input 3.2 Newtons. This result shows that the designed

controller has an acceptable performance and feasible to be

implemented.
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